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The analysis of a Feynman’s ratchet system@J. M. R. Parrondo and P. Espan˜ol, Am. J. Phys.64, 1125
~1996!# and of its electrical counterpart, a diode engine@I. M. Sokolov, Europhys. Lett.44, 278 ~1998!# has
shown that ‘‘fluctuation rectifiers’’ consisting of a nonlinear element~ratchet, diode! and a linear element
~vane, resistor! kept at different temperatures always show efficiency smaller than the Carnot value, thus
indicating the irreversible mode of operation. We show that this irreversibility is not intrinsic for a system in
simultaneous contact with two heat baths at different temperatures and that a fluctuation rectifier can work
reversibly. This is illustrated by a model with two diodes switched in opposite directions, where the Carnot
efficiency is achieved when backward resistivity of the diodes tends to infinity.@S1063-651X~99!15510-7#

PACS number~s!: 05.70.Ln, 05.40.2a
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Recent interest in the way of operation of molecular m
tors, cell pumps, etc.~see Refs.@1–5# for a review! has also
revived interest in general aspects of the thermodynamic
irreversible processes, especially in the problem of energe
and the efficiency of nonequilibrium engines@6–8#. Interest-
ingly enough, many of the real biological systems have b
found to be closely related to the ratchet-and-pawl eng
considered in Chap. 46 of@9#. This appliance was invente
ad hocto provide students with a qualitative explanation
Carnot’s formula and the second law of thermodynam
The engine is a fluctuation rectifier, consisting of an a
with vanes on one of its ends and a ratchet on the other
Contrary to typical, cyclic heat engines~like a steam engine
or an Otto motor! and to the ratchet engines of Refs.@10, 11#,
which instantaneously are in contact with either a hot or c
heat bath, Feynman’s engine works continuously, being
multaneously in contact with both reservoirs. The analysis
Parrondo and Espan˜ol @12# shows that the Feynmann ratche
and-pawl engine is essentially irreversible, since the m
chanical link between the vanes and the ratchet implies
the reservoirs are not thermally isolated. This mechan
coupling induces, via fluctuations, a heat transfer-betw
the reservoirs, even under the no-work condition. Thus,
ratchet engine differs considerably from reversible, cyc
cally working machines. Such machines give rise to no h
exchange at zero power and, moreover, achieve at
power their highest thermal efficiency, namely, the Car
one,hCarnot5(T12T2)/T1 .

In Ref. @13# explicit calculations for a diode engine a
performed. The diode engine of Ref.@13# can be considered
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as a strongly simplified version of Feynman’s ratchet, wh
all internal degrees of freedom are described in a mean-fi
manner by a nonlinear response function. The diode eng
is even an older species than Feynmann’s appliance:
related to the Brillouin diode circuit@14# discussed in 1950
in order to explain the impossibility of the rectification o
thermal fluctuations by an isothermal nonlinear system. T
calculations show that a diode engine behaves just like
mechanical prototype: it transports heat also under a no-w
condition. Its efficiency is zero at zero power and achiev
its maximal value at finite current. The value of this maxim
efficiency is, of course, lower than the Carnot one.

In the present work we address the question of whethe
engine that is simultaneously in contact with two reservo
is inevitably irreversible. As we proceed to show, this is n
the case.

All ‘‘realistic’’ heat engines, including those working cy
clically and applying reversible processes~Carnot, Stirling,
etc.!, are irreversible due to inevitable losses connected w
the nonideality of the elements used. We are hence to de
the rules that help to distinguish between this ‘‘technica
irreversibility and the intrinsic one inherent in the mode
operation. These rules are as follows: after the construc
of the engine is fixed~which implies fixing the functional
form of the equations of state, types of response, etc.!, one
can arbitrarily change the values of specific parameters
kinetic coefficients~unless they do not contradict each oth
and are not forbidden by thermodynamic inequalities!. This
includes the possibility of considering the limiting values
zero or infinity. If for some values of parameters the eng
achieves the Carnot efficiency, it is considered as princip
reversible, independent of the practical accessibility of th
values. These rules fully conform with our general belief th
4946 © 1999 The American Physical Society
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Carnot’s engine is reversible, although we do not have at
disposal any ideal gas, or frictionless piston, or cylinder w
zero heat capacity.

Our system, see Fig. 1, is a variant of a system conside
in Ref. @13#, where, instead of a resistorR, the second diode
D2 is included. To simplify calculations, the diodes are co
sidered to be identical. The system produces work by wo
ing against a current generator~an abstraction often used i
the theory of electric circuits and corresponding to an ap
ance maintaining a voltage-independent currenti!. One can
imagine such an appliance as a strongly inductive load o
a small ideal motor with a huge flywheel, so that even la
voltage changes do not produce any changes ini on the
typical time scales of voltage fluctuations.

Let us briefly summarize the method used of Ref.@13#.
Starting from van Kampen’s approach@15#, we consider first
a discrete state space, where the states are numbered b
index n that corresponds, e.g., to the number of exc
charge carriers~‘‘electrons’’ of chargej each! on the upper
plate of the capacitor. This leads to the master equation
the charge of the capacitor,q5nj, which reads

dpn

dt
52pn~Wn,n111Wn,n21!1pn21Wn21,n1pn11Wn11,n ,

~1!

with the transition rates Wn,n615Wn,n61
(0) 1Wn,n61

(1)

1Wn,n61
(2) . We assume that electrons can pass from

lower to the upper plate of a capacitor or in the oppos
direction through one of three independent channels,
through the current generator~with then-independent transi
tion rates Wn,n61

(0) , which are nonzero only between th
statesn andn11 for i .0 and only between the statesn and
n21 for i ,0), or through one of the two diodes with th
transition ratesWn,n61

(1) and Wn,n61
(2) . Each of the two last

channels satisfies the detailed-balance condition for its o
temperatureT, so that Wi , j

(1,2)5Wj ,i
(1,2) expb2(Ej2Ei)/kT1,2c.

The energy of the system is determined by the capacit
chargeq and is equal toEn5(nj)2/2C. In the continuum
limit one arrives at a Fokker-Planck equation for the pro
ability distributionp(u) of the voltage of the capacitor,

FIG. 1. Model system under consideration: the heat engine c
sisting of two diodes,D1 ~kept at temperatureT1) andD2 ~kept at
temperatureT2), and a capacitorC, works against an outer curren
generator.
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]

]u H F S 1

R1~u!C
1

1

R2~u!CDu1 i Gp~u!

1S kT1

R1~u!C2 1
kT2

R2~u!C2D ]p~u!

]u J . ~2!

Here the diodes are described as nonlinear resistors, w
volt-ampere characteristics are given by their differential
sistanceRi(u); see Ref.@13# for the details of the derivation
This differential resistance is connected with the transit
rates through Ri(q/C)5kT/Wi(q)j2, with Wi(q)
5Wn,n11

( i ) . The meaning of Eq.~2! is quite transparent: The
systematic part includes the overall current between
plates of the capacitor, consisting of the currents through
diodes and the nonfluctuating current through the outer
vice. The fluctuation term represents the contributions of
two diodes, each kept at its own temperature. Each contr
tion is connected to the corresponding systematic part via
corresponding fluctuation-dissipation relation. The station
solution of Eq.~2! reads

p~u!5A expX2E duH F S 1

R1~u!
1

1

R2~u! Du1 i G Y
3S kT1

R1~u!C
1

kT2

R2~u!CD J C, ~3!

with A being the normalization constant. Note that under
no-current condition,i 50, and for equal temperaturesT1
5T25T, the distributionp(u) reduces to a Boltzmann dis
tribution of the capacitor’s energy, p(u)5A exp
(2Cu2 /2kT), independent of the particular form of volt
ampere characteristics of nonlinear resistors.

The power of the engine is given by

P5 iU , ~4!

with U5*2`
` up(u)du being the mean voltage. The heat a

sorbed from the reservoir at temperatureT1 per unit time is
given by

Q̇52E uF kT1

R1~u!C

]p~u!

]u
1

u

R1~u!
p~u!Gdu, ~5!

where the expression in brackets is exactly the~probability!
current through the corresponding diode. We also note t
although Eq.~2! implies thatR(u) is sufficiently smooth, in
final, integral expressions, Eqs.~4! and~5!, we can change to
piecewise-linear volt-ampere characteristics. Taking

R~u!5 HR1 for u.0,
R2 for u,0, ~6!

we arrive at

n-
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P~u!}expS 2
Cu

2

2i 1u/~R11R2!

kT1 /@R1u~u!1R2u~2u!#1kT2 /@R2u~u!1R1u~2u!# D . ~7!

From Eq.~7! general expressions forP and Q and the efficiencyh5P/Q can be obtained in closed form. These gene
expressions are used for plotting Fig. 2,vide infra.

Let us first concentrate on the case of small currents. Let us consider a Taylor expansion of the voltageU in powers ofi:

U~T1 ,T2 ,i !5U0~T1 ,T2!1 iU 1~T1 ,T2!1¯ , ~8!

with U0(T1 ,T2)5U(T1 ,T2,0) and U1(T1 ,T2)5(d/di)U(T1 ,T2 ,i )u i 50 . The engine’s power is then given byȦ
5 iU 0(T1 ,T2)1O( i 2). The voltage for zero current reads

U0~T1 ,T2!5A2
p ~ T̃12T̃2!

R1
212R2

21

AR1
211R2

21~AR1
21T̃11R2

21T̃21AR2
21T̃11R1

21T̃2!
, ~9!

where we have introducedT̃i5kTi /C. On the other hand, for the absorbed heat per unit timeQ̇, one has

Q̇~T1 ,T2 ,i !5Q0~T1 ,T2!1 iQ1~T1 ,T2!1O~ i 2!, ~10!

with Q0(T1 ,T2)5Q(T1 ,T2,0) andQ1(T1 ,T2)5(d/di)Q(T1 ,T2 ,i )u i 50 . The values of these coefficients are

Q0~T1 ,T2!5
T̃12T̃2

R11R2
~11!

~which, remarkably, is linear in the temperature difference! and

Q1~T1 ,T2!5A2

p
T̃1

R1
212R2

21

AR1
211R2

21~AR1
21T̃11R2

21T̃21AR2
21T̃11R1

21T̃2!

. ~12!

FIG. 2. Efficiency of the en-
gine as a function of the~dimen-
sionless! current i. The values of
temperatures correspond toT1

510 andT251. Only the region
where the positive work is pro-
duced is shown. The thick line
corresponds toR2→`; the thin
lines corresponds toR251000,
100, and 10, from top to bottom
Note that the maximal efficiency
for finite R2 is attained at a finite
current, while forR2→` it is at-
tained under stalling conditioni
50.
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Note thatQ1(T1 ,T2) is proportional toU0(T1 ,T2), and that
the proportionality constant is exactlyhCarnot5(T1
2T2)/T1 . Let us now consider the efficiency of the engi
at small currents. It is equal

h'
iU ~T1 ,T2!

Q0~T1 ,T2!1 iQ1~T1 ,T2!
5hCarnot~11Q0 / iQ1!21

~13!

and tends to zero for small currents unlessQ0(T1 ,T2) van-
ishes. This fact shows that the irreversible mode of the
eration of an engine is really due to the fact that it transpo
heat under a no-current condition. On the other hand, fr
Eq. ~11! one readily infers thatQ0 tends to zero forR2

→`. In this last caseh5hCarnot5(T12T2)/T1 for i→0.
Thus, the appliance using ideal diodes with infinite backw
resistance does not transfer heat under the no-work cond
and achieves the Carnot efficiency.

One can also put this finding into a broader context
nonequilibrium thermodynamics. The fluctuation rectific
tion in our system is a kind of thermoelectric effect. F
moderate temperature differencesDT, one can describe i
within a linear approximation, leading toU5a11i 1a12DT,
where the coefficientsai j depend on the mean temperatureT
and on the parameters of the diodes and of the capacitor
the other hand, the heat absorbed from the hot reservo
given by Q̇5a21i 1a22DT. The Onsager principle sugges
that nondiagonal coefficientsa12 anda21 are coupled. From
Eqs. ~9! and ~12! it follows indeed thata215a12T̃. On the
other hand, the no-current heat transport leading to irrev
ibility is determined by a diagonal terma22. This coefficient
can be arbitrarily reduced by tuning the parameters of
system while keeping the nondiagonal coefficients finite.
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The overall behavior of the efficiency as a function

current i is shown in Fig. 2. Here the efficiency forT̃1

510, T̃251, andR151 is evaluated numerically using Eq
~3!, ~4!, and ~5!. The thick curve corresponds to the ca
R2→` and reaches fori→0 the Carnot value of 0.9. Thre
other curves correspond to the values ofR251000, 100, and
10, respectively. Note that forR510 the overall efficiency
curve differs considerably from the efficiency for the ide
rectifier; for largerR the large-current efficiencies of an ide
and of a nonideal system start behaving in a similar way
lower currents the efficiency of a nonideal appliance dep
from the ideal curve and rapidly tends to zero. For largeR2

the maximal efficiency is achieved at rather small curre
and can be very close to the limiting, Carnot value. On
other hand, to achieve the efficiencies close to Carnot’s o
for fixed temperatures one really needs a very large rev
resistivity ~say, of the order of 103 of the direct one!.

We have considered the efficiency of a heat engine~using
a fluctuation rectification principle!, employing two diodes
switched in the opposite directions and kept at different te
peratures. We show that this engine~contrary to a Feynman
ratchet and to a similar electric appliance using a linear
sistor instead of a second diode! can achieve the Carnot ef
ficiency when ideal diodes with infinite resistances in t
backward direction are applied. This shows that there e
no principal thermodynamic bounds on the efficiency o
heat engine that is in contact with two heat baths simu
neously.
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